IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Density of states and random walks in tetrahedrally bonded solids

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1973 J. Phys. A: Math. Nucl. Gen. 6 1534
(http://iopscience.iop.org/0301-0015/6/10/012)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.73
The article was downloaded on 02/06/2010 at 04:41

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0301-0015/6/10
http://iopscience.iop.org/0301-0015
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math,, Nucl. Gen., Vol. 6, October 1973, Printed in Great Britain. © 1973

Density of states and random walks in tetrahedrally bonded
solids

T Lukes and B Nix

Department of Applied Mathematics and Mathematical Physics, University College,
PO Box 78, Cardiff, UK

Received 19 March 1973, in final form 23 May 1973

Abstract. The hamiltonian of Thorpe and Weaire is used to obtain a general expression
for the density of states in a tetrahedrally bonded solid in terms of the number of returns
to the origin. This expression is therefore valid for topological disorder and enables the
density of states to be calculated if the number of returns to the origin is known. Application
to a periodic solid and use of results on the number of returns to the origin in this case
checks with the known expression for the density of states.

1. Introduction

The relationship between the density of states in a tight-binding model and the number
of returns to the origin in a random walk on a lattice has been investigated by a number of
authors (eg Cyrot-Lackmann 1968, Thorpe 1972). If the hamiltonian is given by

H=VY |6{¢]. (1.1)
(i)
where V is the overlap integral between states on adjacent lattice sites, it is possible to
prove the following relation : if n(E) denotes the density of states at energy E

+
f E'n(E)dE = V'r, (1.2)

where r; is the number of returns to the starting point in a walk of / steps, an average
being taken over all starting points in the structure. This relation proved useful, for
example, in investigating the relationship between the values of r, on different types of
lattices (Thorpe 1972).

In this paper we consider the more general two-band hamiltonian considered by
Weaire and Thorpe (1971):

H=V, Y i+ V, ¥ i<l 65, = Hi+H, (1.3)
i il
i*Jy i

where [ij) refers to the valence orbital associated with site i whose bond index is j, and
limit ourselves to structures with fourfold coordination. Here the symbol §, 5 ,jis defined
as follows:

i {: 1 if i is the nearest neighbour of atom i associated with bond j
i,Sg'.]

= 0 otherwise
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and has been introduced to make explicit the restriction on the summation over i’
implicit in the Weaire-Thorpe model.

We show that a number of interesting relations exist between terms which occur in
the expansion of the Green function and r,, and finally that the density of states can be
written in terms of the number of returns to the origin. By explicitly evaluating this
expression for a periodic lattice we obtain a density of states which is found to be identical
with that of Thorpe and Weaire for this model. A number of other mathematical proper-
ties of the model are obtained. An important feature of our expression for the density of
states is that for the case of topological disorder it also applies to disordered lattices. The
existence of disorder manifests itself only through the expression for the number of
returns to the origin, and by evaluating this function for a topologically disordered
lattice another method of calculating the density of states for such systems is obtained.

In § 2, we derive an expression for the matrix elements of each term in the Dyson
expansion of the total Green function. In § 3, we relate such terms to the number of
returns to the origin. By rearranging the terms of the series we obtain a compact expres-
sion for the density of states as a sum of contributions over all values of t of the number of
returns to the origin after ¢ steps. Using the explicit expression for the number of returns
to the origin given by Thorpe this is then evaluated to give the density of states for a
periodic lattice.

2. Calculation of the full Green function

The matrix
i, JIEI-HPk, D = 0, {(E+ V) 6, -V} (2.1)
is a block matrix which is easily inverted to give
L jlGolk, I> = dy(A+ B dy) (2.2)
where
v 1
(E-3ViE+T)) E+V, 3

This result is easily checked by direct substitution. The density of states per particle is
given in the usual way in terms of G* = (E— H+1i¢)" ! as

WE)= —a 'N"'ImTr(G") = —n~'N~'Im Y <ijlG*|ij> (2.4)
ij
so that we now turn to the calculation of the diagonal matrix elements of the full Green
function. This can be expanded by Dyson’s equation:
G=G0+GonGo+"'. (25)

Using the notation N(t, i, k) to denote the number of walks of length ¢ starting on atom i
and ending on atom k we have in the notation of equation (1.3)

Z 5,-‘5'910(1 5,,1,5/52(!2 “es 55:,5,( OCH_ 1 = N(t, i, k)- (2.6)

Al e+ 1
B1...8e

We also note

ﬂzai’sﬁlal 5ﬂl,sﬁ2a1 = 5,',[]2. (2.7)



1536 T Lukes and B Nix

We refer to the term with n factors H, in equation (2.5} as the nth order term T,. In
appendix 1 we prove its matrix elements to have the following form:

KT kLY = <ijiGoH Gy - . . HyGolkD)
= V; Z (A+B(Sj al) (A+B5¢n+l l) 1Sp 6[1,. Sk n+ 1" (2'8)

Eloniln+1
1---ﬂn

The last factor suggests by comparison with (2.6) that the matrix elements of the nth
order term may be related to the number of random walks starting and ending at the

origin. This is not possible in the expression as it stands owing to the fact that the
summations in the factors are not independent.

3. Relation of the matrix elements to the number of walks

To enable the summations to be separated it is necessary first to prove a relation between
the matrix elements {ij|T,|ij> and {ij|T,|il>. This is done in appendix 2 and we find that

D ST Tl + VB TGl i (3.1)

Y Ty = @At B 4 2 2

ij
It is then possible to express the matrix element {ij|T,|il> in terms of the total number
of walks. This is done in appendix 3 and we find

4

JIT,ily = VidA+BP|

T GITID = VidA+ B G
B(44+B)

7aas By o I

ij.l

Y CijIT, - o(NGe+ 1,4, )il

i,

_a(N(, i, D)]iD). (3.2)

The matrix element Z, ;, <ij|Glil) may then be expressed as a series as follows:

Y CiilGlily = Z [4(44+ B)N(O, i, i) + { V5(4A + B)*N(1, i, i)} + { V24B(4 A+ B2N(0, i, i)

il
+V3A(dA+B)*N(2,i,i)} +[V3(44+ B)*B{44 +(4A+ B)} N(L, i, i)
+V3A24A+B>ANG, i, i)+ .. .]. (3.3)

By collecting the coefficients of N(t, i, i) we obtain the following expression proved in
appendix 4:

2 _yip2
S Gt _Z{@A:B) (1-V3B

ij,l i

) f (IVZ_AZ)tN(t, i, i)+(4(4A+B)—

-z t=0

(44+ B)? }
]

(3.4)

where z = V3B(4A+ B). This may now be substituted into equation (3.1) to obtain

224+B
+Z( +)Z

i 1"2:0

¥ <Gl = ¥
tJ

i

2BN(0,i,i) V,B*N(l,i,i)
1-ViB*" 1-V3}B?

I A) N, i, i). (3.5
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5 (72w}

(3.6)

Finally we can write down the density of states from (2.4):

e 2BN(0.i,0), V:B*N(L,ii)  224+B)
nE) = —n"N llmz.{ —vip ' 21—V§B2 1—z

This expression is valid both for a periodic lattice and also in the presence of topological
disorder provided that the matrix elements are taken to be unchanged and that the
fourfold coordination is maintained.

4. Application to the periodic lattice

Thorpe (1972) has given an explicit expression for the number of walks N(t,i,i) on a
(periodic) diamond lattice and Weaire and Thorpe (1971) have given an expression
for the density of states. By substituting for N(t, i, i) in (3.6) it is therefore possible to
check the correctness of this expression for the density of states. This we now proceed
to do.

The expression given by Thorpe (1972) is

N(2t,i,i) = on GaP fJ.J. (14 cos x cos y+ cos y cos z+cos z cos x) dx dy dz
N(t,i,iy=0 for t odd.

Let us write
NQ2t, i i) = fff {4(1+a,,)} dxdydz. 4.1)

Substituting this into (3.6)

1
ME)=—~JH{1_%ZBZ 2A+B)fff i ) Mu+awgrdxmwu}

1 2B 224+ B)(1-2) fjf dxdydz
-
- m{l—V%BZ+ ) =P —aViAN(i+a,) .42

Using the result that

(1—z22—4V34¥(1+a,,)
|y Vi 2 4Viviitay,)
(E-3V)(E+V,)] (E-3V)HE+V,)?

1
T (E-3V)X

V.7 {E-3V)E+V) =V —4ViVill +a,,)]



1538 T Lukes and B Nix

we finally obtain

1 I AE+ W) AE-V{(E-3V)(E+V,)—V3}
ME+V -2 (E—3V)XE+ V,)(2n)°

(E—3V)*E+V,)? dx dydz
* fff {(E-V)*—4Vi-Vi}?—4ViVi(l +a,,,)
1 I AE+ V) AE-V){(E-V)*—4Vi-Vi}
T T M ET-VE 2n)?

n(E) = —;

n

y J}f dxdydz (4.3)
S E-V - avi-VIP—aviVii+a,,) | '

This expression agrees exactly with that obtained by Weaire and Thorpe (1971).

5. Conclusion

An expression has been obtained for the density of states of a system described by the
hamiltonian (1.3) in terms of the number of returns to the origin, provided the matrix
elements remain constant. This is also valid for a topologically disordered lattice if
the fourfold coordination is maintained. The expression has been checked by evaluating
it for the diamond lattice and gives the known density of states for this case.

Appendix 1. Proof of equation (2.8)

The proof follows by induction. By inserting complete sets of states we have

CjiT ok = 3 CGHITIOTYOTIH, Golkl).

0, T
Now
COT|H,Golkly = Y (OT|Hjloy By ><os By|Golkl)

a1py

= Z V25T,/,159,s;15m,k(A+351;1,1)

ayf1

= Vo(A+ Bor,)d 57 (AL1)
and by assumption

CGHITIOTY = 3 VHA+BJ,)...(A+B9,,, 1)0;ss ... 0p sinvt.

Jsa1 S ns
Aleesln 4+ 1
1...8n

Thus
T,k = ) Z VTI(A'*'stj,a,) ... (A+Bd,,,, r)(A+Bor))

ALl + 1 0
Bl---Bn T

X 5;"5%{ N 6ﬂmsg"+ 159,5’?-
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Letting 6 = B,.,, T = a,., the right-hand side becomes

V’2l+1 z (A +B5j>11) s (A+Béan+z,l)6i,s%i ce 5ﬁ"+ 1,5;’”’2

Q1. 0n+2

BioBn+t

which is the same expression as that assumed except that n is replaced by n+1. To
complete the proof we show it is true for n = 1. Now

CijlGoH,Golkl) = Z (ijlGoloy By D<oy B1|H GolkDD.
151

Using equation (Al.1)
Cay By|HGolkl) = Vo(A+ Baﬁ,,!)511,5£"
Therefore

G H G|kl = z O, (A+ Bo; 5 )Vo(A+ Béﬁ,,t)éa,,sfl
L3Y:3)

= Vz 2 (A+Béj,ﬂ1)(A+ Béﬂ],l)ai,sgl
81

on letting 8, — a,; we have the required expression and by the inductive hypothesis it
is true for all n.

Appendix 2. Proof of equation (3.1)

We have from equation (2.8) that

<ij'1;||il> = V’E Z (A+B6j,a1)'"(A+B51n+1,1)5i,5§}"' 5[3",51‘“"*1

Xy ln+
1-.8n

Z‘ GALly = V3, Y |2 (A+Bd;,)(A+Bd,,,, )| (A+BS,, ;)
iJ,

i oaye.an+r \Jsl
1...8n

o (A+BO,, ., V0531 Op stnes
= V3(4A + B)2 Z (A + 3511,12) ot (A + Baﬂm“ﬂ* 1)5‘.'S%i tre 56"’5?'” e (A21)

Xyolnt1
1.2:fn
t

Now

LKLY = V33 Y |2 (A+B6;, )A+BS,,,, )| (A+Bd,,,)
tJ

i o1..@ne1 \ J
1fn

- (A+B§¢m,n”)5,-,sg{ ce 5,9“,5;!"“

but

Y (A+BS;,, ) (A+B5,,. ) = 24(2A+ B)+ B?S
J

a,dn+1’
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Hence
T CGTNGY = V324QA+B) Y (A+Bd,.).. . (A+Bd, ., T
iJ A1ln+t

1e0ePn
i

+BZ V'i Z 5al,a"(A+35,haz) “ae (A+Baa,.,u,.+1)5i,5§{' . 5ﬂ",s}qﬂ*l

Xy, 041
1-;-ﬂn
i

=C+D.

The first term in the above can be written using (A2.1) as

2A(2A+B) .
= T)il>.
GArr 2, T
The second term, however, is more difficult to interpret and we proceed as follows.
Summing over «,,, we obtain
D = vaB2 Z (A+Béa1.az) e (A+Béa,.,a1)5i,s°§}6ﬂ1,s§§- . 6pn_hs;:5pms?1

AL .lln

ﬂl-;'ﬂn
but
0;5319p,.551 = Op,.8.08,57".
Hence
D = ViB? Z (A+Bc5ahaz)...(A+Béam,l)6,,hs§§...5‘,"_1,35,@1,5?,.

&g 8n

Br...Bn-1
i
Taking the sum over i through we have

Z 5/31,5?‘ =1

SO
D = ‘/’532 Z (A+B51h¢1) e (A+B5¢n,a1)6ﬂl,s°ﬂ‘%' .. 5ﬁ"_‘_s;';
ﬂ:.l.ﬁ;na—"x
= Vng Z (V;_z Z (A+Béaxyaz)'"(A+B5flm¢1)6ﬁ1,s§§"‘6ﬁn-1.5§'1')'
aifr &3...8n

2.0.Bn-1
Making the following substitution

oy j oy 0y OgF> 0y ... O >0,y

Bi—i B2— By Bs— B, ... Ba-1r Bu-2

we have

D = I/§B2 z ( Z V’i_ Z(A+B(Sj,al) Y (A+B6¢n_ l,j)éi,s§} e 5ﬂn-z,sﬂi‘"' l)
MR
= V3B® ¥ CGHlT, - if)-

i,j
Thus collecting the various terms together gives
imieen | 2A(2A+ B)
Y Ly = ————=7 % <IN+ V3B Y GiiT, -, )i
& 44+ B)? ;, 2 z, 2
which is equation (3.1).
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Appendix 3. Proof of equation (3.2)
This equation follows by simply writing down the expressions for the first few terms.
Thus

Y Tl = 3, 444 +B)N(O, i, 1)

ij,l i

Y, ity = Z Vy(44+ B)*N(1, i, i)

.l

Y Ly = Z Vi4A+B) {AZ&, s,l(z 85,5 2) +4B}

ij.d

By
3 ity = XV (4A+B)2{A Y 8,531 ( Y (A+3512,13)5,,1_S;225,,2,S;,3)
e 5 B
+B@4A+B)Y 5,.'573}

S Gty = T ViaA+B)’ {A > sﬂ,( Y (A+ By )(A+ B, )0, 535 6ﬁ3,s,¢4)

{4 a03a4

51 B2B3

+B(4A+B) z (A+Badl,ﬂz)5l Sﬁlaﬂ1 S }

x1X2
B1

1t follows that if the functional dependence of T, on the number of walks is explicitly
denoted by T,[N(n, i, )] we have

e n A g N
MZJ CITJily = Vi(44+B)* (m i;, GHIT, - [N(e+1, 4, i)]fil)
B(44+B)

Vitaas By & - 2|zl>)

il

which is equation (3.2).

Appendix 4. Evaluation of equation (3.4)
By applying equation (3.2) successively to each term in the series we obtain

Y G Tily = H4A+BINQ, i, i)+ Vy(@A+ BYN(L, i, i)+ V34B(4A + B)*N(O, i, i)
" +V3A(BA+B)N(2, i, 1)+ V344 +B)B{4A+(44+ B)IN(L, i, i
V3AX4A+B)>N(, i, i)+ V44B*4A+ B)*N(O, i, i)
+ V(@A +BR{4A+ 244+ BN, iy i)+ VEA3 44+ BPN(@, i, i) +
(A4.1)
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By collecting terms the coefficient of N(0, i, i) is found to be
444+ B)+ V34B(4A+B)* + V34B¥4A+B)* + V$4B3(44+ B)* +

44+B)

I where z = V3B(4A4 + B).
-z

The coeflicient of N(t, i, i), ¢ > 1, can be calculated similarly if we remember the following
identities:

i JG+D . G4+D) e+ D). +r )

j~o  (r+D)! (r+2)!

dr Zr~ 1 r |

A7 (1-2) -2V

It is
44z 44+ B V,A\'44A+B|(4Az

ViA'"Y4A+B 2 44+B)|.

AT A4+ )((l—z)'“ iz )) (1—2) y (1—z+ +)
Hence

44+B

. <Gl = 3 a (_fAZ 4A+B) @A+ B)

[ R} i

i( = ) ,i,i)+2—1—_—N(0, i, i)
_Z{4A+B(4Az 4A+B) ;i (

+ (4(4A+B)—@—A:—B)—) N(Q, i, i)} :

)N(t i, i)

Using the result that

44+ B |4Az _ (44+B)* (1- V2B
A (1—z+4A+B)" A 1-z
we obtain
(A4 +B)? (1— V2B
5 oy - p{ S U § (B4 n i
ij.l -z t=0
4 2
+ 444+ B)— (—AT“i) N, i, i)}

which is equation (3.4).
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